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16.7 Stokes' Theorem

The second step is for curves that cross themselves, like the one in Figure 16.68b. The
idea is to break these into simple loops spanned by orientable surfaces, apply Stokes’
Theorem one loop at a time, and add the results. B

The following diagram summarizes the results for conservative fields defined on con-
nected, simply connected open regions. For such regions, the four statements are equiva-

lent to each other.

F conservative on D

Theorem 3,

Section 16.3 ﬁ

]{ F.dr=0
¢
over any closed

pathin D

xercises 167 "

sirg Stokes' Theorem to Find Line Integrals
Exercises 1-6, use the surface integral in Stokes’ Theorem to calcu-
te the circulation of the field F around the curve C in the indicated
rection.
LF=x4 4+ 20 + 2%k »
C: The ellipse 4x% + y? = 4 in the xy-plane, counterclockwise
when viewed from above

WE =291+ 3xj — 2%k
C: The circle x* + y? = 9 in the xy-plane, counterclockwise
- when viewed from above

i ‘F=yi+xz,j + 1%k
/' C: The boundary of the triangle cut from the planex +y + z =1
by the first octant, counterclockwise when viewed from above
nF= AR+ (2 + )+ (2 )k
C: The boundary of the triangle cut from the plane x + y + z = 1
by the first octant, counterclockwise when viewed from above
CF= 22+ (2 )+ (P 4 )k
C: The square bounded by the lines x = £ 1 and y = *1 in the
~ xy-plane, counterclockwise when viewed from above
SF = x%% + § + 2k
" C: The intersection of the cylinder x> + y* = 4 and the hemisphere

x2 + y? + 72 = 16,z = 0, counterclockwise when viewed from
above

legral of the Curl Vector Field
- Let n be the outer unit normal of the elliptical shell

S: 4x? + 9y% + 3672 = 36, 7= 0,

10.

Theorem 2,
Section 16.3
<> F=VfonD
Vector identity (Eq. 8)
(continuous second
partial derivatives)
< V X F = 0 throughout D
Theorem 7

Domain’s simple
connectivity and
Stokes’ Theorem

and let

F =yi+ x% + (x + y*)32 sin Vo7 k.

//V X Fndo.
5

(Hint: One parametrization of the ellipse-at the base of the shell is
x=3cost,y =2sint,0 =t = 27.)

Find the value of

. Let n be the outer unit normal (normal away from the origin) of
 the parabolic shell

St 4ty + =4, y=0,

and let

o L., Long !
F——( z+2+x>1+(tan y)J+<x+4—+Z)k.

Find the value of
// V X F-ndo.
S

. Let § be the cylinder x> + y> = a2, 0 < z = h, together with its

top, x2 + y? < a2,z = h. Let F = —yi + xj + x?k. Use Stokes’
Theorem to find the flux of V X F outward through S.

Evaluate
//V X (3i) - n dor,
s

where S is the hemisphere x2 + y2 + 22 = 1,7 = (.




Chapter 16: Integrals and Vector Fields

l1. Suppose F'= V X A, where
A= (y+ V2)i + j + cos (ip)k.
Determine the flux of F outward through the hemisphere

Py +2=1z7=0.

2. Repeat Exercise 11 for the flux of F across the entire unit sphere.

tokes’ Theorem for Paz’ameizrizeci Surfaces
n Exercises 13-18, use the surface integral in Stokes’ Theorem to
alculate the flux of the curl of the field F across the surface S in the
irection of the outward unit normal n.
3. F =2z + 3xj + 5yk
S x(r, 0) = (reos 0)i + (rsin0)j + (4 ~ r2)k,
T 0=r=2 0=0=2r
1. F=(y*z)i+(z~x)j+(x+.z)k
St x(r, 8) = (rcos 0)i + (rsin6)j + (9 — 2)k,
0=r=3 0<6=<2r
5. F = x%i + 2% + 3zk
St x(r,0) = (recos i + (rsin0)j + rk,
O=sr=1, 0=0=<27
»F=G =i+ (- 2f+ (2~ 0k
St x(r,0) = (rcos ®i + (rsin A + (5 - nk,
O=r=5 0=6=27
“WF =3y + (5 - ) + (2 — 2k
S x($,6) = (V3sindeos0)i + (V3 sin psin6)j +
(V3cosgp)k, 0= =m/2, 0=6=2r
W F=y4+ 2 + xk
S: (¢, 8 = (2 sin pcos B)i + (2 sin psin 0)j + (2 cos Pk,
O=¢=n/2, 0=0=<2¢7

eory and Examples

.+ Let C be the smooth curve r() = (2cos i + 2sinn)j +
(3 — 2 cos® Nk, oriented to be traversed counterclockwise around
the z-axis when viewed from above. Let S be the piecewise
smooth cylindrical surface x? + y? = 4, below the curve for
z = 0, together with the base disk in the xy-plane. Note that C
lies on the cylinder S and above the xy-plane (see the accompany-
ing figure). Verify Equation (4) in Stokes’ Theorem for the vector
field F = yi — xj + %k

Verify Stokes’ Theorem for the vector field F = 2xyi + xj +
(y + 2k and surface z =4 — x2 — y2 7 = 0, oriented with
unit normal n pointing upward.

21.

22,

23.

24,
25.

26

27.

28.

Zero civcalation Use Equation (8) and Stokes’ Theorerm o
show that the circulations of the following fields around the
boundary of any smooth orientable surface in Space are zerg,

a F=2xi +2yj + 2k b. F = V(xy%?)
¢ F=VX@+y+zk) d F=Vf

Zero circulation Let f(x,y,2) = (32 + )2 + )12 Show
that the clockwise circulation of the field F = Vf around the
circle x> + y? = a? in the xy-plane is zero

a. by taking r = (@ cos Hi + (asin9)j,0 < ¢ < 27r, and inte-
grating F - dr over the circle.

b. by applying Stokes’ Theorerm.

Let C be a simple closed smooth curve in the plane
2x + 2y + z = 2, oriented as shown here. Show that

%Zya’x + 3zdy — xdz

2xt 2yt =2

depends only on the area of the region enclosed by C and not on
the position or shape of C.

Show that if F == xi + yj + zk, then V X F = 0.

Find a vector field with twice-differentiable components whose
curl is xi + yj + zk or prove that no such field exists.

Does Stokes’ Theorem say anything special about circulation in a
field whose curl is zero? Give reasons for your answer.

Let R be a region in the xy-plane that is bounded by a piecewise
smooth simple closed curve C and suppose that the moments of
inertia of R about the x- and y-axes are known to be I and I,.

Evaluate the integral
% V(@Y -nds,

C

where 7 = Vx% + y2, in terms of 1, and L.

Zero curl, yet the field is not conservative Show that the curl of

A j + zk
2452 x2\-Fy2']

%F-dr

C

is zero but that

is not zero if C is the circle x> + y2 = 1 in the xy-plane. (Theo-
rem 7 does not apply here because the domain of F is not Simplly
connected. The field F is not defined along the z-axis so there is
no way to confract C to a point without leaving the domain of F.)




